EQUALITY OF PRESSURES FOR DIFFEOMORPHISMS 
PRESERVING HYPERBOLIC MEASURES 



KATRIN GELFERT 

Abstract. For a diffeomorphism which preserves a hyperbolic measure 
the potential tp u = — log | Jac df\E» | is studied. Various types of pres- 
sure of ip u are introduced. It is shown that these pressures satisfy a 
corresponding variational principle. 



1. Introduction 

For a uniformly hyperbolic diffeomorphism /, the induced volume defor- 
mation (p u in the unstable subbundle over a compact /-invariant set signif- 
icantly characterizes the geometry of the set as well as the dynamics in its 
neighborhood. Under the hypothesis of uniform hyperbolicity, and partic- 
ularly for hyperbolic surface diffeomorphisms, a large number of dynamical 
quantifiers such as, for example, fractal dimensions, Lyapunov exponents, 
and escape rates, are captured through the topological pressure of tp u . If 
/: M — > M is a C 1+e diffeomorphism on a Riemannian manifold M (we 
assume that some Riemannian metric on M is fixed) and A is an /-invariant 
locally maximal set such that /|A is uniformly hyperbolic and satisfies spec- 
ification (and hence is mixing), then the topological pressure Pj\a °f the 
function ip u (x) = — log | Jac df x \E ,u I can be calculated through 



1 



(1) P flA (<f u )= ton -log V | Jacobs 



f n (x)-- 



sup (/^(/)- / log \J&cdf\ E ^\d/j, 



(see [3] or [8]). Here the second equality (with the supremum taken over 
all ergodic /-invariant measures supported in A) simply follows from the 
variational principle by continuity of the function log | Jac df \e^\ ■ A — > R. 
Note that the supremum in (pQ) is in fact a maximum (see [3]). The measure 
which realizes this maximum is of unique importance from several different 
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points of view. A particular case is given when the maximizing measure is 
the SRB (after Sinai Ruelle Bowen) measure of /, each of the terms in ([T]) 
is zero, and A is an attractor (see |16| for further details and references). 

In the case of more general dynamical systems, the above quantities are 
likewise important, in particular for the issue of existence of SRB measures. 
Note that the classical thermodynamic formalism, however, requires the 
potential to be continuous. We point out that for a non-uniformly hyperbolic 
system (a system with non-zero integrated Lyapunov exponents) it is natural 
to consider potentials which are discontinuous: no continuous ^/-invariant 
subbundle E u C T\M may exist and x i— ► — log | Jac 4fx|_E u I is in general only 
a measurable function. In this paper we study appropriate modifications of 
any of the terms in (fTJ) by exploiting techniques which were developed by 
Katok |7J and Mendoza [10J for dynamical systems with some non-uniformly 
hyperbolic behavior. We combine them with an approach of a non-additive 
version of the thermodynamic formalism, developed by |12|[5l [2] in particular 
for non-conformal systems. 

It is meaningful to consider a function ip u = — log | Jac df\E u | which is 
defined only on a certain subset of A. Pesin [12] developed an extension 
of the classical topological pressure to a pressure on sets which are not 
necessarily compact nor invariant, but his approach requires the potential 
functions to be continuous. Mummert [TT] discusses for example a pressure 
for non-continuous potentials and provides a meaningful generalization of 



determined by the values of (p u on the periodic points of saddle type (see 
Section [2] for the definition) , and which generalizes the second term in (fTJ) in 
the case that such periodic points do exist. Notice that, by the multiplicative 
ergodic theorem, h^(f) + J A ip u d[i is well-defined for any ergodic /-invariant 
probability measures with a positive Lyapunov exponent. 

The main result of this paper is to show that the equalities ([I]) extend to 
more general maps, including C 1+e diffeomorphisms possessing hyperbolic 
invariant probability measures. Here we call an ergodic measure hyperbolic 
or say it is of saddle type if it possesses at least one negative and one positive, 
and no zero Lyapunov exponents. We say that / is non-uniformly hyperbolic 
if every ergodic /-invariant measure is hyperbolic. 

Paradigms of genuinely non-uniformly hyperbolic diffeomorphisms are 
given, for example, within the family of Henon maps (see [1]). Another 
perhaps simplest example is provided by the figure-8 attractor (composed 
of homoclinic loops joining a fixed point of saddle type, see for example [TJ 
p. 140]). Even though here the maximal invariant set which is formed by 
the loops does not support any other invariant probability measures besides 
the Dirac measure supported at the saddle fixed point, it provides a basic 
plug for more sophisticated models. A similar attractor is used for example 
in PQ where it is inserted by a smooth surgery into a uniformly hyperbolic 
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set. The resulting compact set A is invariant and locally maximal under a 
smooth diffeomorphism / on a surface and A is the support of a measure fi 
satisfying 

KU) + J <p u dfi = max (h v (f) + J <p u du} < 0, 

where the maximum is taken over all ergodic /-invariant probability mea- 
sures supported in A. Moreover, any ergodic measure supported in A is 
hyperbolic, and hence /|A is non-uniformly hyperbolic in the sense intro- 
duced above, but not uniformly hyperbolic. 

In the following we always assume that / : M — > M is a C l+£ diffeomor- 
phism preserving a hyperbolic Borel probability measure supported on a 
compact locally maximal /-invariant set A C M. Here by locally maximal 
we mean that there exists an open neighborhood U C M of A such that 
A = C\ n( zzf n (U). We denote by M the set of all Borel /-invariant proba- 
bility measures on A, endowed with weak* topology, and by Me C M the 
subset of ergodic measures. 

Theorem 1. Let f:M^M be a C l+£ diffeomorphism and let A C M be 
a compact locally maximal f -invariant set such that there exists a hyperbolic 
f -invariant Borel probability measure supported on A. Then 

(2) su P P / | K (^) = P /i sp(^)= sup (h„(f)+ [ <p u dv), 

KcA i/GM E (/|A) hyperbolic V J A J 

with the first supremum taken over all compact f -invariant hyperbolic sets 
K c A. 

Note that by the Ruelle inequality ([2]) is always non-positive. By Young [151 
Theorem 4(1)], ((2J) is bounded from above by the escape rate of volume from 
a small open neighborhood of A, which in turn is negative only if there is 
a certain amount of repulsion in A and zero if A is attracting. However, 
as indicated above, (j2J) can be negative even though that A is an attractor. 
If (j2J) is zero and there exists a maximizing measure \i with h fl (f) > 0, then 
[j, is a SRB measure, and conversely if there exists a SRB measure fx, then 
by the Pesin formula for the entropy 

K(f) = - I V U dv= lim / log||(d/TH 1/n ^ 
J A n -*°° J A 

(again we refer to [16] for details and references). 

Here, in the previous formula the last integral, x i— > (df£) A is a map 
between the full exterior algebras of the tangent spaces T X M and Tfnr x \M, 
induced by d/™, and || • || is the operator norm induced by the Riemannian 
metric. In geometric terms ||(4f") A || measures the maximum of volumes of 
images under df™ of an arbitrarily /c-dimensional cube, 1 < k < dimM, of 
volume 1. Notice that for fixed n 



(3) ^(x) d = f -log||(4f : 



n\ A I 
x ) I 
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is a Holder continuous functions. Turning to the pressure of that continuous 
potential, we can formulate the following result. 

Theorem 2. Let f : M — > M be a C l+£ diffeomorphism and let A C M be 
a compact locally maximal f -invariant set such that every f -invariant Borel 
probability measure supported on A possesses a positive Lyapunov exponent. 
Then 

(4) sup (h,(f) + / <p"d») = supP^A (-log||(4T) A || 1/n ) . 

MGM(/|A) V J A J n>l v ' 

Note that the right hand side of ([3]) is independent of the Riemannian 
metric. Further it is immaterial whether in the left hand side in we take 
the supremum over measures in M or in Me since the entropy h^(f) and 
the integral both are affine functions of [i. We remark that for any exam- 
ple of a diffeomorphism with a dominated splitting, and in particular for 
any partially hyperbolic diffeomorphism, which has a uniformly expanding 
subbundle satisfies the assumptions in Theorem [21 

We introduce now a super-additive version Pj j gp($) of pressure of the 

sequence 3> == ((p n ) n of the Holder continuous functions given by ([3]) (see 
Section [3] for the definition of the pressure). 

Theorem 3. Let f : M —> M be a non-uniformly hyperbolic C 1+e diffeo- 
morphism and let A C M be a compact locally maximal f -invariant set. 
Then 
(5) 

F /)S p($)=supP /)S P (-log||(d/TH 1/n ) =su P P / | A (-log||(dr) A H 1/n )- 

n>l v / n>l v J 

Note that, by non-uniform hyperbolicity, the terms in ([5]) are also equal 
to any of the terms in (|2|) and © . At the end of Section [3] we will discuss 
hypotheses, which are slightly weaker than non-uniform hyperbolicity, under 
which we can prove © in the case of a surface diffeomorphism. 

Remark 1. In [2] the non-additive topological pressure Pj^(^) of a general 
sequence \I/ of continuous functions with respect to /|A is studied and a non- 
additive version of the variational principle of the classical thermodynamic 
formalism is established. Applying this approach to the above setting, we 
can conclude that 

sup (h u (f) + [ V u dA < P/| A (*) 5 

^G3VC e (/|A) hyperbolic V J A J 

with the sequence $ defined in Q (see (2J Section 1.3] or p2]). A vari- 
ational principle for Pf^^) in terms of an equality has been established 
in [2], however only for a rather restrictive class of sequences ^ = (ip n )n of 
continuous functions, to which $ in general does not belong if /|A is not 
hyperbolic. 



EQUALITY OF PRESSURES 



5 



We now sketch the contents of the paper. In Section [2] we review some 
concepts from smooth ergodic theory. We also recall the definition of the 
pressure .P/,sp(¥> u ) given in [6] and we introduce the pressure Pf t sp(^) of a 
super-additive function sequence \E'. In Section[3]we derive several properties 
of Pf ,spO&) and prove Theorems [2] and El The proof of Theorem [T] is given 
in Section HI 

2. Various types of pressure 

We first review some concepts from smooth ergodic theory and fix some 
notation. 

2.1. Notions from smooth ergodic theory. Given a point x £ A which 
is Lyapunov regular with respect to / (see for example [9] for the definition 
and details on Lyapunov regularity), there exist a positive integer s(x) < 
dimM, numbers Ai(x) < • • • < X 8 r x \(x), and a ^/-invariant splitting 

s{x) 

T X M = ®E X 

i=l 

such that for alH = 1, . . . , s(x) and v G E l x \ {0} we have 

lim -\og\\d^{v)\\ = X l {x). 

n— >±oo n 

We will count the values of the Lyapunov exponents \i{x) with their multi- 
plicity, i.e. we consider the numbers Ai(x) < • • • < \d\raM{x). 

By the Oseledets multiplicative ergodic theorem, given /jEM the set of 
Lyapunov regular points has full measure and Aj(-) is fi- measurable. We 
denote by 

(6) Xi(n) = J Xi(x)dfi(x). 

the Lyapunov exponents of the measure [i. In particular, if for [x € Me there 
is 1 < £ = £(fj,) < dimM such that 

Xi(fi) < < Xi+i(fi), 

we say that \i is hyperbolic or of saddle type. In the following we always 
assume that there exists an /-invariant ergodic Borel probability measure 
which is hyperbolic. 
Define 

x(aO = min {l^(/^)l}- 

For a Lyapunov regular point x G A let us denote through (E^.) the span 
of the subspaces of T X M that correspond to a positive Lyapunov exponent 
(a negative Lyapunov exponent) and let 

ip u (x) = — log | Jac 4fo: 1^* I - 

If the subspace E x is empty, it is convenient to set 99" (x) = 0. 
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We call a compact /-invariant set K C M hyperbolic if there exists a 
continuous df -invariant splitting of the tangent bundle TkM = E u © E s 
and constants c > and A <G (0, 1) such that for every x G K and every 

ken 

\Wx(v)\\ < c\ k \\v\\ for all v G E£, \\df- k (w)\\ < c\ k \\w\\ for all w G 

The diffeomorphism / is said to be uniformly hyperbolic or Axiom A if the 
periodic orbits are dense in the non- wandering set f2(/) and if is 
hyperbolic. We call the diffeomorphism / non-uniformly hyperbolic if every 
/-invariant ergodic Borel probability measure is hyperbolic. 

2.2. The saddle point pressure. We denote by 1Z the set of Lyapunov 
regular points in A. We note that the subbundle E u C T-^M cannot always 
be extended continuously to T\M, and in general there is no continuous 
function (p with <p\1Z = ip u . 

We denote by SFix(/ n ) the fixed points of f n which are saddle points, and 
by SPer(/) = (J n >i SFix(/ ra ) the set of all saddle points. We introduce a 
filtration of subsets of SPer(/) which are ordered according to the "strength 
of hyperbolicity" of the saddle points. For < a, < c < 1, and n G N we 
set 

SFix (/iaiC) (D d = f 

{x G SFix(/ n ): for all k > l,v G E s f e {x) ,w G Ejk (x) ,0 < £<n-l 

\\dfj k x) (v)\\ > ce ka \\v\\, \\df k l(x) (w)\\ > ce ka \\w\\}. 

If a > a', c > c', then 

(7) SFix (/iQjC) (r)cSFix (/iQ , c0 (r). 
Further 

oo 

SPer(/) = U U U SFix (/)Q)C) (D. 

o>0c>0n=l 

Note that in the above definition we use the sub-script SFix(j . .) in order 
to emphasize with respect to which map / the strength of hyperbolicity 
is considered, because in the following we will take into consideration also 
iterates of the diffeomorphism /. Notice that for every m > 1 we have 

(8) SFix( / n inQ , iC . d ( n ) ) (/ mn ) C SFix (/iQjC )(/ mn ) C SFix (/ n jnQjC )(/ mn ), 
where 

(9) d{n) d = f i mm^ (e to mm {iK^II, ll^ll}) • 

Clearly, every periodic point is Lyapunov regular, and thus, ip u {x) is well- 
defined for every x G SPer(/). Let < a and < c < 1. Define 

Qf,sp{<p u ,a,c,n) = ^ exp(S n (p u (x)) 

xeSFix (/iajC) (/") 
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dcf 



if SFix(j a c )(/ n ) / 0, where we use the notations S n ip(x) = ip{x) + 
*P(f (xj), and 



<3/,sp(v u > <*, c, n) = exp ( n inf <p u (x) I 
otherwise. We define 

Pf,Sp(<P u ,a,c) = lim sup i log Q /jS p(v5", a, c,n). 

n-^oo Tl 

It follows that if SFix(j jQ , c )(/ n ) 7^ for some n £ N then Pf ; sp(<p u , a, c) is 
entirely determined by the values of ip u on the saddle points of /. Denote 

P/ lS p(¥> u ) = lim limP /iS p(^,a,c). 

2.3. The super-additive saddle point pressure. We say that a sequence 
* = (V ; n)n of functions Y> n : M — > R is super- additive (with respect to /) if 
for every n, m £ N and x € M we have 

^ n (x) + tp m (f n (x)) < ip n+m (x). 

For a super-additive sequence ^ = (ip n ) n of continuous functions and for 
numbers n £ N, < a and < c < 1 we define 

Qf,Sp(V,ai,c,ri)= ^2 exp(V> n (£)) 

x€SFix (/iaiC) (/«) 

if SFix (/iQ c) (/ n ) / 0, and Q/,sp(*, a, c, ra) = exp(inf x6 A tp n (x)) otherwise. 
We define 

dcf 1 

(10) P /)S p(^,a,c) = limsup- log Q/,sp(*, a, c,n). 

n^oo Tl 

It follows that if SFix(j jQ , c )(/ n ) 7^ for some n € N, then P^gp^, a > c ) is 
entirely determined by the values of the potentials ip n on the periodic points 
of / which are of saddle type. Denote 

P/,Sp(*) = lim limP /)SP (*,a,c). 

cv^U C—+U 

3. Properties of the pressures 

We collect together some immediate properties of the topological pressure 
and of the above defined pressures. Let in the following \£ = (ip n ) n be a 
sequence of continuous functions which is super-additive with respect to a 
C 1+£ diffeomorphism f:M—>M. 

Proposition 1. P/| A (Y>i) < P f \ A {±ip n ) and P / „| A (5„Vi) < Pf^\h{^n), 
where here S n ip 1 (x) = J2k=l^(f k ( x ))- 

Proof. This follows immediately from super-additivity of the sequence (ip n ) n 
and from the variational principle for the topological pressure. □ 

Proposition 2. P/, S p(V>i) < P/.SP (£V>n) < P/,Sp(*)- 
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Proof. Fix n G N. Let m € N and < I < n. From super-additivity of the 
function sequence we obtain 

ran+H n—1 m—2 mn+£— 1 

£ = ^ £ ^(/ fc " +i (x)) + J] ^(/ fe (x)) 

fe=0 i=0 fc=0 fc=(m-l)n 

ran-1 n—1 

> n J3 Vi(/ fc (x)) - (M*) + Mf mn - k -\x))) +(n + £- l)C 2 {n) 

k=0 k=0 
mn+H mn+i—1 

- , n J 

A;=0 k=mn 
mn+i—1 



> n Mf k {x))-n Mf k (x))-2nC 1 (n) + (n + £-l)C 2 

A;=0 k=mn 
mn+i—1 

> n Y Mf k (x))-n(2 + £)Ci(n) + (n + l-l)C 2 (n), 



k=0 



where we set ipo(y) = and 



Ci(ra) = max max^(x), C 2 (n) = min min^fx). 

fc=l,...,2n-l z£A fc=l,...,2n-l xeA 

From here we can conclude the first inequality is true. Analogously, by 
super-additivity we have 



(m-l)n-l n _i 
n^ mn+e (x) > Mf k (x)) + Y{^)+^n + l-k{f {m - 1)n+k (x) 

k=0 k=0 
mn+i-1 n+t—1 



> £ ^n(/ fe (x)) + 2nC 2 (n)- E Mf {m - 1)n+k {x)) 

k=0 k=0 

mn+i—1 

> 5Z i>n{f k {x))-{n + t)C 1 {n) + 2nC 2 {n). 



From here we can conclude the second inequality. □ 

Proposition 3. Let a > 0, < c < 1, andn > N such that SFix(j iQ , c )(/ n ) ^ 
. Then 

Pf,sp(^,a,c) > -P f n jSP (ip n ,na,c- d(n)) 
with d(n) defined in 
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Proof. Let n £ N and < a < 1 and < c < 1 such that SFix(_f iQ , )C ) (/") / 
0. Given m 6 N, by super-additivity and by the inclusion ([8]) we have 

Qf,sp($,a,c,mn) = exp (■0 m „(x)) 

a:eSFix (/ia , c) (/ m «) 

> ^ exp(i/! mn (a;)) 

xGSFix {/ n i „ ajC . d(n)) (/ m ™) 

> ^ exp (V„(*) + Vn(/ n (x)) + • • • + Vn(/ (m - 1)n (x)) 

xesFix CJ « naiC . d(n)) ((/™;r) 

Thus, letting m — > oo, we obtain 

P/Sp(*,a,c) > -Pfn SP (ip n ,na,c-d(n)). 

n 

This proves the proposition. □ 

We now introduce the sequence = {(p n )n of potentials which measure 
the volume growth under df n . Consider the linear map (df x ) A ■ (T X M) A — > 
(Tf( x ^M) A between the full exterior algebras of the tangent spaces induced 
by df x . Let ip n : A — > R be given by 

(11) ^) = -l°g|l(C n ) A |l, 

where the norm is the one that is induced by the Riemannian metric. Denote 
by volg(vi, . . . , vf, x] the ^-dimensional volume of a parallelepiped which is 
spanned by the vectors v\, . . ., vg G T X M. Notice that we have 

rmA„_ „„„ voi,(4f, n (^i),...,C n W;/ n (^)) 



ll(d/™) II = max SU P 



l<^<dimM v . eT;cM voli(ui...,^;a;) 

Lemma 1. The sequence = (vn)n given by ill]) is a super- additive se- 
quence of Holder continuous functions. 

Proof. We can express 1 1 (df x ) A 1 1 in terms of the singular values of df x . Recall 
that the singular values &i(L) > ••• > adim m(L) > of a linear operator 
L: T X M — > Tf( x \M are the eigenvalues of (L*L) 1/2 , where L* denotes the 
adjoint of L. We have 

(12) ||(d/;) A || = max a 1 (dfZ)...a e (df2). 

l<£<dim M 

For every n £ N and every 1 < I < dimM the map x i— > ag{dfj^) is Holder 
continuous on M. Given x € A, for some number 1 < I = £(x, n + m) < 
dimM we have ||(d/" +m ) A || = a x {df™+ n ) ■ ■ ■ (Jz{df™ +n ), which implies 

||(C n+m ) A || = o- 1 (dfT m )---^{df: +m ) 

< o-Mz) ■ ■ ■ MdfZ) ■ °i{df? n{x) ) ■ ■ ■ <re(df£ {x) ) 

< W(dfS) A \\\\(dff n{x) ) A \\, 

where the last inequality follows from the relation (1121) . This implies the 
super-additivity of the sequence <J> = (tp n )n- d 
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The exponential volume growth rate is naturally related to the Lyapunov 
exponents of /. For every Lyapunov regular point x with a positive Lya- 
punov exponent, by d/-invariance of the unstable subbundle E u we conclude 
that 

(13) - log |Jac<C| E »| = S n <p u (x), 
moreover, for every Lyapunov regular point we have 

lim -loglJacd/™!^! = V]Ai(x) + , 

n— >oo n * — * 

i 

where we denote a + = max{0, a} (see [9l Corollary 11.4]). 

We denote by M|? the set of all ergodic Borel probability measures that 
are invariant with respect to f k for some k > 1. Let v € be an 

ergodic /^-invariant Borel probability measure. Super-additivity implies 
the existence of the following limit and the equality 

(14) lim -!- / <p kn dv = sup / —<Pkndv 
n^ooknJ A «>iJa ™ 

(compare, for example, |14t Theorem 10.1]). Further, since for 1 < i < k 
(p kn+e dv> / (ip kn (x) +ipz{f kn {x)))dv(x) = I ip kn dv+ / y t dv 



and 

J (p kn+ edu< J <P( n+ r) k dv- I di/. 
we can conclude that the following limit exists 
(15) lim — / ip n dv 

n->oo n J A 



and is equal to (H 

If v G Mg 3 is an ergodic /^-invariant Borel probability measure with a 
positive Lyapunov exponent, then it follows from the multiplicative ergodic 
theorem that the function x i— > log | Jac df£\E% | is integrable and that v- 
almost every point x is Lyapunov regular and satisfies 

lim -log ||(4f^) A || = lim Uog\tecdf* n \ E u\=kY j \ i {x)+ 

i 

(see for example [9]). Moreover, the functions x i— > Xi(x) are measurable 
and /^-invariant, and so constant \{(x) = \i(v) for z^-almost every x and 

(16) lim -!- / (p kn dv = sup / 1 —<Pk n dv = / <p u dv = - V] \i{v) + . 
n->oo kn J A „>i J A kn J A ^ 

Since for every n > 1 

7 / <~Pkdv = — I ncp k dv < — [ ip kn dv 
k 7a kn ./a kn J A 
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(remember that v is /^-invariant), with (|16f) we obtain 
(17) \ I ip k du < - Va^)+. 

Furthermore, even though that v may not be invariant with respect to the 
map /, it makes sense to define the entropy of v with respect to / by 

K(f) = \h u {f k ) 

(see [5] for details). 

We are now prepared to prove Theorem El 

Proof of Theorem Observe that for any /-invariant ergodic measure \x 
(which, by assumption, possesses a positive Lyapunov exponent) as a par- 
ticular case of (1161) we have 



(18) lim / — (p n dfi = sup [ —(f n dfi = [ ip u dfi. 

n-^oo J A n „>x J A 11 J A 

Thus, using the variational principle for pressure, we obtain 

K(f) + [ <P U dV = hjf) +SUp / -(fndfl < SUpP f | A ( -ip r . 

On the other hand for every n > 1 

p f\A \~<Pn) = SU P ( h M) + I -fndfi) < sup (h fl (f)+ I ip u d^i \ , 
\ n J /ieJvt E V J A n J /ieJvt E V J A J 

where we used (1181) . From here the statement follows. □ 



Proposition 4. P/ i sp( < &) < Pf,sv{ i P u ) 

Proof. Notice that we have <p n (x) < S n (p u (x) for every saddle point x. □ 

Proposition 5. If f\A is non-uniformly hyperbolic, then Pf^pi^n) = 
Pf\A(i<Pn) and Pfn tSP (ip n ) = P fn \ K (<p n ). 

Proof. For every n > 1, f n is a C 1+e diffeomorphism which is non-uniformly 
hyperbolic and with respect to which A is locally maximal. Given the Holder 
continuous potentials \<-Pn and tp n , the statement is proved similar to [6j 
Theorem 1] applied to the diffeomorphisms / and f n , respectively. □ 

Proposition 6. Under the hypothesis of Theorem^ we have 



(19) 



sup \h u (f)-J2H^ + ) <PfM*)- 



Proof. Let us assume that there exists v € Mg 3 which is invariant with 
respect to f k for some k > 1 and which satisfies 

o < K(f) - E A ^) + ~ p /.sp(*) = 6 - 
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By (|16p there exists N > 1 such that for every £ > N 
h v {f) + jJ m dv>P f $ P {®) + ^8. 

Note that any /^-invariant ergodic measure is also invariant with respect 
to f ki , £ > 1. Hence, applying the variational principle for the topological 
pressure with respect to the map f ki , we obtain for every £ > N 

1 1 f 3 

-gPfM\tSfPhi) > K{f) + Y t J^kidv > P/, S p($) + 2 s - 

With Proposition [5] we obtain 

1 3 

—P f u SP (ip M ) > P/,sp(*) + ^ 

Choose numbers «o > 0, and < c$ < 1 such that 

P/,Sp($) + ^>P/,Sp($,a,c). 

for every < a < ao and < c < cq. 

Recall that by the Katok closing lemma (see [8] ) , given a Borel probability 
measure v which is invariant and hyperbolic with respect to some 

C l+e 

diffeomorphism g: M — > M, we can always find sufficiently many orbits 
that are periodic with respect to g (with some period) and of saddle type. 
In particular, given a g = /^-invariant hyperbolic measure, for sufficiently 
large £ > 1 the set SPer(/*^) is nonempty. Fixing now £ > N such that 
SPer(/ M ) ^ 0, we find numbers a = a{£) < ao and c = c(£) < cq small 
enough such that 8Pertf a A{f ) / and that 

f f S 

—PfktpAVkh kla, c ■ d(k£)) > —P f u^{(p k t) ~ ^ 

and hence 

1 

—Pfki >SP {ipke,k£a,c-d(k£)) > P/,sp($, a, c), 
in contradiction to Proposition [3j Thus, we have shown (119p . □ 
Proof of Theorem With Proposition 0] and with Theorem [T] we obtain 

p f M$) < PfMv") = su p ( h M) + [ *> U V) ■ 

AteM E V J A J 

Clearly Me C Mg . Thus, with Proposition [6] we can conclude that 

sup |M/)-E A ^) + J = sup (KU)+ I V U d») 
veM™ \ i J M£3vt E V J A J 

= P/M*)- 

Moreover, with Theorem [5] and with Proposition we obtain 



sup (h fl (f)+ [ (f u dfi) = supP/iA ( -<p n ) =supP/ iS p(- 



n 
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This proves the theorem. □ 

We finally discuss slightly weaker hypotheses (|20p and (|2ip under which 
(|5|) can be established: Let /: M — > M be a surface diffeomorphism 

and let A C M be a compact locally maximal /-invariant set. Assume that 

(20) sup — / (p n dfi < Pf\\ ( — <Pn I f° r every n > 1 

ueM E nJ A \n ) 



or 



(21) - inf V] Ai(^) + < Pjia ( -<p„ ) for every n > 1 



1 



in which case, using (114f) we can also conclude that for n > 1 
sup - / (f n dn<- inf V] Aj(^) + < P/u ( 



This allows us to apply [6, Theorem 1] to the diffeomorphism / and the 
potential We obtain Pffipi^n) = P/|A f° r every n > 1 and 

hence the second equality in ([5]). We only mention that similar hypothesis 
can be stated on the measures in M^ in order to establish the first equality 
in ©, but will refrain from formulating them since it seems to be hard to 
control the total set of measures M^ in general. 



4. Proof of Theorem Q] 

Consider /j, G Me hyperbolic with h^(f) > 0, and let < a < 
Extending some results by Katok (see e.g. [H Chapter S.5]), or using Men- 
doza [10J in the case of a surface diffeomorphism and Sanchez-Salas |13j 
in the case of a diffeomorphisms on a higher-dimensional manifold, we de- 
rive the existence of a sequence (/%)„ of measures fj, n G Me supported 
on hyperbolic horseshoes K n {fj) C M (see [8] for the definition) such that 
h-itnif) ~^ ^A»(/)i an d xiPn) x(m)- I n particular, for each n G N there 
exist m, s G N such that f m \K n (fj,) is conjugate to the full shift in s symbols. 
Since A is a compact locally maximal /-invariant set, we can conclude that 
K n (n) C A for all n G N. The following is a consequence of the construction 
given in these papers: One can construct the horseshoe K n (fi) in such a 
way that | J ip u dfi + log | Jac df™\E u | 1//m | is small for points x in the rectan- 
gles covering K n (fi); and the variation of log |Jacd/™|^| on the horseshoe 
K n (n) is bounded by a constant which only depends on the diameter of the 
rectangle cover of the Pesin set, and which tends to zero as n — » oo. Then we 
can conclude that for every < e < x(m) ~ a there is a number n = n{e) > 1 
and a measure \x G Me supported on K n (/i) such that 



(22) h Jf)-e<h „„(/) 



<p u d[i n - / <f u d/j, 
A J A 



< e. 
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Moreover, there exists a number < co(n) < 1 such that for every periodic 
point x G K n (/i) and every k G N we have 

for every v € E% \W*{v)\\ > c (n)e k( - x ^- £ ^ \\v\\ 
for every w G P* Hd/^MH < c (n)e fc( ^ t)+e) ||u;||. 

This implies that for every k G N 

(23) Fix(/ fc ) n tf n ( M ) C SFix (/jaiCo) (/ fc ). 

It follows from the above given approximation properties of the measures 
\i n that 

(24) hM + / V U d» < sup ( V(/) + / </^/0 < supP / | ifn(At) (^). 

J n>l V J / ri>\ 

From [8, Proposition 20.3.3] we derive that for every n > 1 

^„(M)(^) = j £ m o ^ 1 °g X) iJac^i^r 1 . 

a;GFi x (/fe)n^ n (^) 

With ([23]) . for < a < %(//) we conclude that 



h>n(f) + / < limsup^-log ^ |Jacd/* 

J fc— »oo ™ , . t . 



I 1-1 

\E U 



xGSFix (/ciiCo(n)) (/ fe ) 

< hmP /)S p(^>,c) < PfM<P V )- 

Consider now a hyperbolic measure fi G Me with h fl (f) = 0. By [8j The- 
orem S.5.5], for every x G supp// and every 5 > there exists a hyperbolic 
periodic point z, say of period m, in any small neighborhood V of x. In 
particular, one derives that \<p u (z) + log | Jac df™\E u is small. By local 
maximality of A we conclude z G A. From here we obtain for < a < x(/-0 

/ ^d/i < limP /)SP (^,a,c) < P f M<P U )- 
With the above we can conclude that 



MG3VtE hyperbolic 

It follows from [51 Theorem 4] that 



sup (/»„(/) + / </^) < P/.spC^). 

hyperbolic \ J J 



ttmP /iS p(<p u ,a,c) < sup fh„(/) + J <p u di?J , 

where the supremum is taken over all hyperbolic measures v G Me with 
a < x(y)- 

The remaining equality follows with Theorem [2j This proves Theorem [TJ 
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